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Colletive synhronization in populations of globally oupled phase osillators with
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†
We generalize the Kuramoto model for oupled phase osillators by allowing the frequenies to
drift in time aording to Ornstein-Uhlenbek dynamis. Suh drifting frequenies were reently
measured in ellular populations of iradian osillator and inspired our work. Linear stability
analysis of the Fokker-Plank equation for an innite population is amenable to exat solution and
we show that the inoherent state is unstable passed a ritial oupling strengthKc(γ, σf ), where γ is
the inverse harateristi drifting time and σf the asymptoti frequeny dispersion. Expetedly Kc
agrees with the noisy Kuramoto model in the large γ (Shmolukowski) limit but inreases slower as γ
dereases. Asymptoti expansion of the solution for γ → 0 shows that the noiseless Kuramoto model
with Gaussian frequeny distribution is reovered in that limit. Thus varying a single parameter
allows to interpolate smoothly between two regimes: one dominated by the frequeny dispersion
and the other by phase diusion.
PACS numbers: 05.40.-a, 05.45.Xt, 89.75.-k, 87.19.Jj
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I. INTRODUCTION
Synhronization phenomena our reurrently in phys-
ial, hemial and biologial systems. Few noteworthy
examples inlude superonduting urrents in Josephson
juntion arrays [1, 2℄, emerging oherene in populations
of hemial osillators [3℄, or the auray of entral ir-
adian paemakers in insets and vertebrates [4, 5, 6℄.
The latter serve as biomoleular time-keeping devies,
whih most organisms have evolved to oordinate their
physiology and metaboli ativities with the geophysial
light-dark and temperature yles [7℄.
The present work was motivated by reent experiments
in mammalian ell ultures in whih the levels of pro-
teins impliated in the iradian (with ∼ 24hr periods)
lokwork were monitored using uoresent reporters
[8, 9, 10℄. It was demonstrated that individual ellu-
lar osillators generate self-sustained rhythms in protein
abundane and that populations an be synhronized by
treatment with a short serum shok or light pulse. Impor-
tantly frequenies of individual osillators are not stritly
onstant but drift in time (see for example Fig. S2 in [10℄
showing the results in the zebrash). Several hemial
kinetis models thought to apture the biohemistry re-
sponsible for generating osillations in living ells were
shown to exhibit osillatory instabilities and limit-yles
[11, 12℄. Experimental and theoretial evidene therefore
supports a desription of osillator populations in terms
of phase variables.
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Our understanding of the onset of olletive syn-
hronization in oupled nonlinear osillator models has
greatly beneted from a large body of work on the Ku-
ramoto model [13, 14, 15, 16, 17℄
ϕ˙i = fi +
K
N
N∑
j=1
sin(ϕj − ϕi) + ξi(t) , (1)
desribing the phase dynamis in a set of weakly oupled
idential non-linear osillators. Here, ϕi(t) represent the
phase of the i-th osillator at time t, and ξi(t) are white
noise soures with expetation and ovariane
E[ξi(t)] = 0 ,
Cov[ξi(s), ξj(t)] = 2Dδijδ(s− t) .
The frequenies fi are stati and taken from a distri-
bution g(f) symmetri around µf . Eq. 1 is an ee-
tive model for the phase degrees of freedom in a popula-
tion of limit-yle osillators and assumes a regime where
phase and amplitude dynamis deouple. The parame-
ter K measures the strength of the all-to-all oupling.
Most exat results are given for the oupling funtion
U(ϕj − ϕi) = sin(ϕj − ϕi). More general interations
lead to muh greater analytial omplexity and were in-
vestigated in [18, 19℄. Critial properties of the model
are onveniently studied using the omplex order param-
eter R(t)eiψ(t) = 1N
∑N
j=1 e
iϕj(t)
so that olletive syn-
hronization ours when R∞ = limT→∞ 1T
∫ T
0
R(t) dt
remains positive in the innite population limit. For
the sine oupling model a bifuration ours at Kc =
2/
∫
D
D2+f2 g(f + µf )df at whih the inoherent desyn-
hronized state R∞ = 0 beomes unstable and a maro-
sopi number of osillators phase lok to the average
2phase ψ(t) = µf t [20, 21, 22℄. For D → 0 the lassi-
al Kuramoto result Kc =
2
πg(µf )
[23℄ is reovered. Be-
low the ritial oupling, the inoherent state is linearly
stable when D > 0 [22℄ but only neutrally stable when
D = 0 with R(t) still deaying to zero [16℄.
II. THE MODEL
To study the eets of the reported drifts on olletive
synhronization, we generalize the Kuramoto model by
introduing a seond time sale 1/γ (besides 1/σf ) har-
aterizing the frequeny drifts. The frequeny dynamis
is formulated as an Ornstein-Uhlenbek (O-U) proess
while the phases are oupled following the anonial all-
to-all sine interation. The model for N osillators reads
f˙i(t) = −γ(fi(t)− µf ) + ηi(t) , (2)
ϕ˙i(t) = fi(t) +
K
N
N∑
j=1
sin
(
ϕj(t)− ϕi(t)
)
,
where µf is the average frequeny hosen idential for
eah osillator We assume that the ηi are independent
and identially distributed white noise soures with
E[ηi(t)] = 0 ,
Cov[ηi(s), ηj(t)] = η
2δijδ(s− t) .
The solution for fi is a Gaussian proess with mean and
ovariane
E[fi(t)] = µf + e
−γt(fi(0)− µf ) ,
Cov[fi(s), fj(t)] =
η2
2γ
δij
(
e−γ|t−s| − e−γ(t+s)
)
γt≫1−→ η
2
γ2
δijδ(t− s) . (3)
In the following we use as independent parameters
the asymptoti frequeny dispersion σ2f =
η2
2γ and the
damping γ, whih are in priniple both aessible exper-
imentally. Then, Cov[fi(s), fi(t)]→ 2σ2f/γ δ(t− s) when
γt ≫ 1 . To remind the signiane of this regime we
note for K = 0 the phases ϕi(t) also follow Gaussian
proesses with Cov[ϕi(t), ϕi(t)] → 2σ
2
f
γ t asymptotially
for γt ≫ 1. Beause of the linear time dependene, this
regime (Shmolukowski) desribes phase diusion with
onstant D =
σ2f
γ .
Although it is a priori unlear whether this model
exhibits a bifuration, we expet that the large γ be-
havior reminisent of phase diusion will onverge to
the Kuramoto model (Eq. 1) with a frequeny distri-
bution given by g(f) = δ(f − µf ) and white noise
strength D = σ2f/γ, and thus exhibit a bifuration at
Kc = 2D. However the small γ behavior is less ob-
vious sine we are simultaneously onerned with long
time properties. For xed σf , we antiipate that syn-
hronization should be hardest for stritly stati osil-
lators (γ = 0). This ase orresponds to the noiseless
D = 0 Kuramoto model with Gaussian frequeny dis-
persion g(f) = Nµf ,σf (f) ≡ (
√
2πσf )
−1e−(f−µf )
2/2σ2f
, so
that Kc = 2
√
2/π σf . As the frequeny dynamis loses
stiness (when γ inreases), we expet the synhroniza-
tion threshold to be failitated by the frequeny drifts.
We study the innite population model N → ∞ by
formulating a Fokker-Plank equation for the time de-
pendent joint density p(ϕ, f, t). The all-to-all interation
term
K
N
N∑
j=1
sin
(
ϕj(t)−ϕi(t)
)
= KR(t) sin(ψ(t)−ϕi(t)) (4)
has well known mean-eld harater and an be replaed
for N →∞ by
K
∫ 2π
0
dθ
∫
dg p(θ, g, t) sin(θ − ϕi(t)) . (5)
We obtain
∂p
∂t
= γσ2f
∂2p
∂f2
− f ∂p
∂ϕ
+ γ(f − µf ) ∂p
∂f
+ γp (6)
−K∂
(
c(p, ϕ) p
)
∂ϕ
.
This is the known expression for an O-U proess
augmented by a phase oupling involving c(p, ϕ) =∫ 2π
0
dθ
∫
dg p(θ, g, t) sin(θ − ϕ), whih makes Eq. 6 non-
linear as a onsequene of Eq. 5.
III. STABILITY ANALYSIS
We next disuss the linear stability of the inoherent
stationary solution p0(ϕ, f) = Nµf ,σf (f)/(2π) in rst or-
der. For reasons that will beome lear, we fatorize a
term N 1/2µf ,σf (f) o the perturbation and write
p(ϕ, f, t) = p0(f)+N 1/2µf ,σf (f)ε
(
ϕ−µf t, σ−1f (f−µf), γt
)
,
where ε(ϕ˜, f˜ , t˜) is a small perturbation expressed in a
rotating frame using resaled frequeny and time vari-
ables. By plugging this ansatz into Eq. 6 we obtain the
linearized problem
∂ε
∂t = Lε+O(ε2) where L is the linear
operator
Lε = ∂
2ε
∂f2
− σf
γ
f
∂ε
∂ϕ
+
(
1
2
− 1
4
f2
)
ε
+
K
2πγ
N 1/20,1 (f)
∫ 2π
0
dθ
∫
dgN 1/20,1 (g)ε(θ, g, t) cos(θ − ϕ) .
3Deomposing ε as a Fourier series in ϕ, ε(ϕ, f, t) =∑∞
n=−∞ εn(f, t)e
−inϕ
, we obtain for the oeients εn
∂εn
∂t
=
∂2εn
∂f2
+
(
1
2
− 1
4
f2 +
inσf
γ
f
)
εn
+δ1|n|
K
2γ
N 1/20,1 (f)
∫
dgN 1/20,1 (g)εn(g, t)
≡ Lnεn + δ1|n|K
2γ
〈εn,N 1/20,1 〉N 1/20,1 . (7)
We notie that the rst term representing the frequeny
dynamis resembles the harmoni osillator plus a om-
plex part, whih an be removed by applying the trans-
lation operator Uθ dened by
(
Uθf
)
(x) = f(x − θ). We
note that Ln = U2in√aL̂nU−2in√a, where we have set
a = (σf/γ)
2
and the operator L̂n = ∂2f + 12 − n2a− 14f2
is self-adjoint on L2(R) and has pure point spetrum
Σ(L̂n) = {λnℓ = −ℓ − n2a : ℓ = 0, 1, 2, . . .}. Its eigen-
funtions are given in terms of the Hermite funtions [24℄
H0(x) = π
− 1
4 e−
1
2
x2
and
Hℓ(x) = (2
ℓℓ!
√
π)−
1
2 (−1)ℓe 12x2∂ℓxe−x
2
, ℓ = 1, 2, . . .
as follows:
L̂nΦℓ = λnℓΦℓ , Φℓ(f) = 2−1/4Hℓ(2−1/2f) .
Therefore {U2in√aΦℓ : ℓ = 0, 1, 2, . . .} forms an orthonor-
mal family whih diagonalizesLn. Notie that the largest
eigenvalue for eah n is λn0 = −n2a.
Linear stability follows diretly exept for |n| 6= 1 and
K > 0. Indeed, for n = 0, we nd λ00 = 0 with or-
responding eigenfuntion is Φ0 = N 1/20,1 . However, this
funtion lies outside the spae of relevant perturbations
beause the normalization of p,
∫ 2π
0
dϕ
∫
df p(ϕ, f, t) =
1, requires orthogonality of N 1/20,1 and ε0(f, t) through∫ N 1/20,1 ε0(f, t)df = 0. Subsequent eigenvetors have
negative eigenvalues. For all other |n| 6= 1 the ou-
pling term in Eq. 7 vanishes and the inoherent state
p(ϕ, f, t) = p0(f) is linearly stable as a onsequene of
the stritly negative spetrum of Ln. The same holds for
all n in the absene of oupling K = 0.
For the remaining ase n = ±1 and K > 0, we notie
that the oupling term in Eq. 7 also vanishes for all di-
retions orthogonal to N 1/20,1 , leaving a one-dimensional
spae that ould develop an instability. We write the
eigenvalue problem for Eq. 7 impliitly as
Lnεn + δ1|n|K
2γ
〈εn,N 1/20,1 〉N 1/20,1 = λ εn .
Using the resolvent equation
(λ− Ln)−1 = (λ− U2in√aL̂nU−2in√a)−1
= U2in
√
a(λ− L̂n)−1U−2in√a
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FIG. 1: Behavior of Kc as a funtion of γ as given by
Eq. 8 with a = (σf/γ)
2
(ontinuous line). Dashed line rep-
resents the Kuramoto model with idential frequenies and
Kc = 2D = 2σ
2
f/γ. The γ → 0 limit reprodues the
γ = 0 model with Gaussian frequeny dispersion and gives
Kc/σf = 2
√
2/pi = 1.5957 (dotted line).
we obtain
εn =
K
2γ
〈εn,N 1/20,1 〉U2in√a(λ − L̂n)−1U−2in√aN 1/20,1
=
K
2γ
〈εn,N 1/20,1 〉
∞∑
j=0
〈Φj , U−2in√aN 1/20,1 〉
λ− λnj U2in
√
aΦj ,
where we have used the spetral deomposition L̂nf =∑
j λj〈Φj , f〉Φj .
To nd the ritial oupling Kc above whih the ino-
herent state beomes linearly unstable, we need to mon-
itor when the largest eigenvalue rosses the imaginary
axis. After projeting onto N 1/20,1 , simplifying the fa-
tors 〈εn,N 1/20,1 〉 on both sides of the equation, and setting
λ = 0 we nd an equation for Kc:
2γ
Kc
=
∞∑
j=0
〈Φj , U−2i√aN 1/20,1 〉2
−λ1j = e
a
∞∑
j=0
(−a)j
j!(j + a)
= eaa−a
∫ a
0
ta−1e−tdt = eaa−aγ(a, a) , (8)
where γ(a, x) is the lower inomplete Γ-funtion.
The behavior ofKc together with the Kuramoto model
asymptotes for γ → ∞ and γ → 0+ limit are shown in
Fig. 1. It is notieable that we nd a bifuration for all
values of γ. Kc stritly dereases from a nite γ = 0
as γ inreases, asymptotially behaving as Kc = 2σ
2
f/γ.
The analytial result thus supports the following piture:
for small γ, the dominant soure of utuations against
whih the oupling must work to ahieve synhroniza-
tion is the (Gaussian) frequeny dispersion. As γ in-
reases while σf is kept xed, faster frequeny drifts help
synhrony by preventing individual osillators with de-
tuned frequeny to stay out of tune for too long. Indeed
with drifting frequenies every individual osillators u-
tuates around the mean frequeny µf with a time sale
4γ−1. In the large γ regime, the eetive frequeny dis-
persion vanishes and the oupling fore needs to synhro-
nize noisy but otherwise idential frequeny osillators.
As predited by the phase diusion limit, the eetive
white noise strength D and hene Kc derease as γ
−1
.
We now disuss the asymptoti regimes in detail: the
small γ limit follows from reverting to the original vari-
ables and using the asymptoti expansion of γ(a, a) (us-
ing Stirling's formula and [25℄: 6.5.3, 6.5.22, and 6.5.35).
We obtain in the limit γ → 0+
2
(
Kc
σf
)−1
=
√
π
2
+
1
3
γ
σf
+
√
2π
24
γ2
σ2f
+O(γ3) .
This proves that the model ontinuously interpolates to
the noiseless (D = 0) model and that the γ → 0 reovers
the γ = 0 transition predited in the original Kuramoto
model at Kc/σf = 2
√
2/π. In the opposite regime γ →
∞ (thus a→ 0) we nd ([25℄ 6.5.12, 13.1.2)
a−aeaγ(a, a) = a−1M(1, 1 + a, a) ∼ a−1(1 +O(a)) ,
where M(·, ·, ·) is the onuent hypergeometri funtion.
This leads Kc ∼ 2σ2f/γ + O(γ−2) and hene proves the
onvergene to the white noise model (Eq. 1) with D =
σ2f/γ.
Finally, we mention a generalization that inludes a
white noise soure in the phase equation (as in Eq. 1) in
addition to the orrelated frequeny utuations. This
leads an additional diusion term −D ∂2p∂ϕ2 in Eq. 6. Fol-
lowing the steps above readily extends Eq. 8 to
2γ
Kc
= eaa−(a+b)γ(a+ b, a) ,
where b = D/γ, with similar qualitative behavior. In
partiular, Kc asymptotes to 2(σ
2
f/γ + D) for large γ
and has nite γ → 0 limit.
IV. NUMERICAL SIMULATIONS
We have performed numerial simulations of Eq. 2 to
explore the behavior of R(t) (see Eq. 4) and in par-
tiular R∞ in funtion of the redued oupling Kr =
(K −Kc)/Kc. To verify the analytial results and study
the saling R∞ = κKβr above the bifuration, we simu-
lated a nite number of osillators using the exat so-
lution for the frequeny part, leading to the updates
fi(t+dt) = fi(t) e
−γdt+µf(1− e−γdt)+ η σf
√
1− e−2γdt
and ϕi(t +dt) = ϕi(t) + (fi(t) +
K
N
∑
j sin(ϕj − ϕi))dt
where η is a Gaussian random number. We used Eq. 4
to ompute R(t) and transients were removed by waiting
until the solutions from two dierent initial onditions
ϕi(t = 0) = 0 and ϕi(t = 0) taken randomly onverged
to the same trajetory. The steady state value R∞ was
subsequently estimated by averaging R(t) over time.
Fig. 2 fully supports the analytial solution and also
indiates that the behavior of Kc above the bifuration
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FIG. 2: Numerial simulation of Eq. 2. Estimation of R∞
was obtained using nite size saling for systems of sizes N =
5000, 10000 and 20000. Eq. 8 was used for Kc to set the
redued oupling Kr = (K−Kc)/Kc. Values for γ were 4(◦),
3(△), 2.5(+), 2(×), 1.8(⋄) and 1.6(▽) and σf = 1. In eah
simulation, 105 time steps of size dt = 0.01 were performed.
We veried that the dependene in the step size was weak.
Inset: 1/N nite size saling for γ = 1.8. Kr = 0 is the
solid line, smaller (resp. larger) Kr are below (resp. above)
Kr = 0. The extrapolated value for 1/N = 0 is used in the
main panel.
depends only weakly on γ over the simulated range. To
inspet more losely whether R∞ ∼
√
Kr as in the Ku-
ramoto model, we used rened spaing and larger sizes
in the viinity of Kr = 0
+
. As shown in Fig. 3, the sim-
ulations are ompatible with an exponent β = 0.5, the
slightly higher exponents probably reet a nite size ef-
fet. On the other hand κ orrelates negatively with γ
whih is visible in both Figs 2 and 3.
V. DISCUSSION
We have extended the Kuramoto model to frequenies
whih an drift in time following Ornstein-Uhlenbek dy-
namis. The net eet is that the white noise soure in
Eq. 1 is replaed by olored noise (with a Cauhy dis-
tributed power spetrum), hereby adding a new time
sale desribing memory or frequeny stiness to the
problem. Apart from mean eld oupling among the
phases whih introdues a non-linearity, the stohasti
phase and frequeny dynamis lead to a linear Fokker-
Plank operator whih an be solved. Consequently the
linear stability of the inoherent state an be addressed
analytially using spetral alulus. The expression for
the ritial oupling above whih marosopi phase o-
herene emerges an be resummed and expressed in terms
of inomplete Γ-funtions. Asymptoti expansion for
small and large γ shows that the full model ontinuously
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FIG. 3: Critial behavior above the bifuration using step
dKr = 0.01. Here, γ is 4(◦), 3(△), 2(+), 1.6(×), 1.2(⋄) and
0.8(▽). Notie the log-log sale to emphasize the power law.
Lines are ts to R∞ = κK
β
r Systems of sizes N = 10000,
20000 and 50000 were simulated with the same parameters
and same saling proedure as in Fig. 2. Right panels show
parameter estimates from the left panel.
interpolates between two limits of the original Kuramoto
model: one dominated by noise (large γ) and the other by
the frequeny dispersion (small γ). Therefore, the ou-
pling fore must ounterat dierent soures of utua-
tions to indue olletive synhrony in drifting frequeny
osillators, depending on the regime set by γ. Spei-
ally, for slowly drifting (small γ) frequenies the model
approahes the noiseless model (Eq. 1 with D = 0 and
g(f) = Nµf ,σf (f)) where the oupling splits the popula-
tion into distint loked and inoherent sub-populations,
depending on the proximity of individual frequenies to
the population mode. As γ inreases, (while σf is held
xed) the frequenies lose their stiness whih results in
a redution in the ritial oupling Kc needed for syn-
hrony. Finally for very rapidly drifting osillators (large
γ) anel out the frequeny distribution and generate an
eetive white noise soure ating on the phases of oth-
erwise equal frequeny osillators. At the same time the
loked and inoherent subgroups beome indistinguish-
able. For intermediate γ, our numerial simulations in-
diate that the model belongs to the same β = 0.5 uni-
versality lass as the Kuramoto model.
Beause of analytial tratability and few parameters
we expet this solution to be relevant for osillatory sys-
tems in the presene of omplex noise soures. Suh ases
inlude populations of neural osillators or biohemial
osillators where bioluminesene reordings have shown
how intraellular noise soures generate frequeny disper-
sion through drifts.
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